Modelling studies are presented of positive streamers developing at various pressures in air in a point-to-plane discharge geometry. The modelling results emphasize that the quenching of the singlet excited states of molecular nitrogen emitting photoionizing radiation is responsible for non-similar behaviour of streamers at pressures higher than approximately 30 Torr. Our modelling results are consistent with recent experimental work showing that streamers have more and thinner channels and branch more frequently at higher (i.e. near atmospheric) pressures than at lower pressures. The results also demonstrate the importance of accounting for effects associated with electrode geometry for the interpretation of experimental studies on similarity properties of streamers at various pressures.
Introduction
About a decade ago large-scale electrical discharges were discovered in the Earth's atmosphere above large thunderstorms, which are now commonly referred to as sprites [1] . Telescopic imaging of sprites has revealed an amazing variety of decametre-scale filamentary structures in these events [2] . Surprisingly, the filamentary structures observed in sprites are the same phenomenon known as streamer discharges at atmospheric pressure, only scaled by reduced air density at higher altitudes [3] [4] [5] . Streamers are narrow filamentary plasmas, which are driven by highly nonlinear space charge waves [6, p 317] . Streamer discharges are commonly used to generate chemically active species to remove pollutants in various gases [7] and also represent important components involved in the triggering of combustion in spark ignition engines [8, 9] . Lightning is another natural phenomenon related to streamer discharges. A streamer zone consisting of many highly-branched streamers usually precedes leader channels initiating lightning discharges in large volumes at near ground pressure [6, p 364] .
Streamer discharges represent an example of a highly nonlinear and self-consistent phenomenon, which is not fully understood at present. Streamers are commonly observed with branching structures; however, experimental and theoretical work on understanding of the branching mechanism of streamers is still in the preliminary stage. Using a minimal streamer model accounting for the transport and impact ionization processes of electrons in non-attaching gas such as argon and nitrogen, Arrayás et al [10] numerically simulated a negative streamer propagating between two planar electrodes in a uniform external electric field with a very large magnitude. It was demonstrated that the streamers, in cases when no preionization is available ahead of them, reach an unstable 'ideal conductivity' state with an approximately equipotential and weakly curved head. It was proposed that this new state exhibits a Laplacian instability, like that in viscous fingering, which leads to the branching of the streamer [10] . Recent research work directed on understanding the role of photoionization processes in the development of streamer discharges indicates that the photoionization is a critical factor defining the branching conditions of streamers [4, [11] [12] [13] . Modelling results [4] show that the photoionization acts as a physical mechanism to adjust the ratio of the electric field in the streamer head to the electric field in the streamer channel. The expansion of streamers in strong applied electric fields leads to an increase of this ratio and the streamer splits after reaching a state with a weakly curved and equipotential head similar to that discussed by Arrayás et al [10] . The branching of streamers is a complex phenomenon which, in real systems, depends also on the external circuit parameters and the configuration of electrodes [14] .
In weakly ionized plasma physics, similarity relations [15, p 306 ] are well-recognized to identify the parameters of gas discharge plasmas at different pressures. Similarity relations represent a useful tool in the analysis of gas discharges since they allow us to use known properties of the discharge at one pressure to deduce features of discharges at various of other pressures of interest, at which experimental studies may not be feasible or even possible. If an electron is placed in a uniform electric field E between two electrodes with a gap size d, the increase in energy of the electron is a function of the product Eλ, where λ is the mean free path that is inversely proportional to the gas number density N or pressure p. We note that in this paper we use neutral density N in place of pressure p and vice versa, therefore assuming a constant (room) temperature of ambient neutral gas. It is expected that similar discharges can be obtained if the product Eλ and the mean free path number d/λ are kept constant ( [16] and references cited therein). In other words, to be able to compare discharges at different pressures p the scaling factors E/p and pd must be kept constant [16] . Similarity laws for streamers propagating in non-uniform gaps in air at high (i.e. several atmospheric) pressures have been studied in previous research work [8, 16] . The observed deviations from similarity at high pressures in experiments reported in [8, 16] have been attributed by the authors to gas heating effects leading to the formation of a hot channel due to the streamer-to-leader transition. The similarity properties of streamers at different air pressures are also of great interest for the interpretation of morphology observed in high altitude sprite discharges [3, 4] . In accordance with the similarity laws, the streamer timescales, the streamer spatial scales and the streamer electron density scale with the air density as ∼1/N, ∼1/N and ∼N 2 , respectively, and the scaled streamer characteristics remain otherwise identical for the same values of the reduced electric field E/N. When the photoionization effects are not taken into account, the above-listed set of similarity relations works very well for describing characteristics of short streamers (i.e. when three-body attachment, recombination, gas heating and thermal conduction processes are negligible) at near and lower than atmospheric pressures. When the photoionization effects are included, streamers at pressures lower than several Torr preserve similarity, but similarity laws do not hold at higher pressures [4] . These predictions appear to be consistent with the recent experimental studies of similarity properties of positive streamers at different pressures in air [17, 18] .
Our previous work [4] has demonstrated that the photoionization process is the most critical factor contributing to non-similar behaviour of streamers propagating in strong homogeneous external electric fields (>E k , where E k is the conventional breakdown threshold field defined by the equality of the ionization and dissociative attachment coefficients in air [6, p 135] ). In this paper, we present modelling results on the dynamics of streamers at various pressures developing in a point-to-plane discharge geometry, which are directly relevant to the interpretation of recent experiments [17, 18] .
Model formulation
To study the dynamics of streamers, the most common and effective model is the hydrodynamic description of motion of charged particles driven by the superposition of their own space charge and external electric fields. The model used for studies reported in this paper includes the electron and ion drift-diffusion equations coupled with Poisson's equation:
where n e , n p and n n are the electron, positive-ion and negative-ion number densities, respectively, v e is the drift velocity of electrons, ν i is the ionization frequency, ν a2 and ν a3 are the two-body and three-body electron attachment frequencies, respectively, β ep and β np are the coefficients of electron-positive ion and negative-positive ion recombination, respectively, D e is the electron diffusion coefficient, S ph is the rate of electron-ion pair production due to photoionization, is the electric potential, e is the absolute value of electron charge and ε 0 is the permittivity of free space. The electron drift velocity is defined as v e = −µ e E, where µ e is the absolute value of the electron mobility and E = −∇ is the electric field. On timescales of interest for studies presented in this paper, the ions are assumed to be motionless. This assumption is fully justified by the fact that the mobilities of positive and negative ions are two orders of magnitude lower than the electron mobility [11] . The model accounts for the photoionization effects on the streamer dynamics using a physical model proposed in [19] . A detailed description of the sources of constants and rate coefficients utilized in this study can be found in [4, 20] .
The geometry of the simulation domain is illustrated in figure 1 , which is identical to that proposed in [21] for studies of the dynamics of streamers in weak uniform electric fields. The technique that we use to obtain the solution of the electric field in this system is the same as that described by Babaeva and Naidis [21] . The solution for the electric potential can be represented in the following form [22] :
where L corresponds to the ambient Laplacian field established by two remote plane electrodes and a conducting sphere charged to potential 0 (see figure 1 ), ρ Q ( r ) = e(n p − n e − n n ) is the free charge density at the source point r and r is the observation point. The integral is taken over the volume containing space charges and their images in the conducting sphere. Solution (5) is used to calculate the electric potential at the boundary of the simulation domain only. Inside the domain, the values of are computed by the successive overrelaxation (SOR) method [23, p 179] . In the cylindrical system of coordinates specified in figures 1 and 2 and assuming that the conducting sphere is charged to potential 0 the Laplacian potential L is represented in the form:
where r s = (b + z) 2 + ρ 2 is the distance between the sphere centre and the observation point (ρ, z). By calculating the potential contribution at the boundary due to charges ρ Q ( r), we account for the space charges in the computational domain and their images due to the presence of the conducting sphere. The streamer model is cylindrically symmetric, and the space charge inside the computational domain can be represented by many homogeneously charged rings with a small cross section, corresponding to the individual grid points in (ρ, z) domain and centred at the axis of the symmetry (figure 2). Using the cylindrical coordinate system, the electric potential d (ρ, z) at boundary position (ρ, z) (see figure 2) caused by an elemental ring is
Having substituted φ = π + 2β in equation (7), after straightforward algebraic manipulations this equation can be written in the form:
where the term in the square brackets is the amount of charge in an elemental ring,
, and For the source charges corresponding to grids on the axis of symmetry equation (8) is represented in the form:
where 4K(0)/2π = 1 is applied. The total contribution of the source charges inside the simulation domain to the potential values at the boundary can be obtained by a simple summation of differential contributions, corresponding to individual grid points, given by equations (8) and (9) .
The source charges inside the simulation domain also generate image charges in the conducting sphere and contributions of these charges to the potential values at the boundary can be evaluated as follows. For the source charge Q shown in figure 3(a), the image charge Q i and its location [25, p 147] . For the geometry shown in figure 3 
For the coordinate system used in our studies, which is shown by figures 1 and 3(c), the set of equations for the image charge is transformed into
The total summation corresponding to the integral in the last term of equation (5) accounting for charges inside the simulation domain and their images can therefore be represented in the form:
where
. Similar expressions can be generated to account for contributions of source charges corresponding to grids on the axis of symmetry. figure 4(a) ) shows branching structures. The streamers at low pressures initially quickly expand and then evolve into a stable propagation stage with a constant radius. The explanation of this behaviour is based on the spatial distribution of the external field: the enhancement of the field near the sphere gradually fades away and the magnitude of the field approaches E 0 at a distance 4b from the sphere [26] . Therefore, the streamer expands in the high field region and then propagates with a constant radius in E 0 , which for results presented in figure 4 is also close to the stability field (see additional discussion on expansion of streamers in [4, 26] ). The ground level streamer ( figure 4(a) ) shows no branching structures by 6.5 ns and propagates with a speed about 6 × 10 5 m s −1 , which is substantially higher than velocities (∼3.6 × 10 5 m s −1 ) of well-developed streamers at 11 and 0.05 Torr shown in figures 4(d) and (e). During this stage, the ground level streamer exhibits substantially higher electric field values in its head, which is consistent with similar results reported in [4] . The streamer at 760 Torr is also narrower and its electron density is higher than the scaled streamers at low pressures (i.e. obtained by the multiplication of their radius by N/N 0 and density by N 2 0 /N 2 ). These results agree with the conclusion drawn in [4] that the quenching of the excited singlet states of N 2 , emitting photoionizing radiation, is responsible for non-similar behaviour of streamers at high pressures (i.e. the streamer in figure 4(a) ). The quenching altitude of the above mentioned singlet states is ∼24 km (corresponding to 30 Torr pressure). Therefore the quenching effects are negligible at low pressures p < 30 Torr corresponding to altitudes >24 km, and streamers at 11 and 0.05 Torr pressures preserve similarity (figures 4(b) and (c)). At ground pressure, the excited singlet states are heavily quenched, and the photoionizing radiation level is reduced by a factor of ∼20 in comparison with cases of streamers at 11 and 0.05 Torr pressures (see [4] for additional discussion on related issues). Figures 5 and 6 show the distributions of the electron number density and the electric field for the ground level streamer ( figure 4(a) ) at a sequence of moments of time after 6.5 ns. The location of the maximum field of the streamer is on the z axis before 6.5 ns, and this point gradually deviates from the z axis after the streamer starts to branch. The propagation speed of the streamer in the z direction is sharply reduced to 1.8 × 10 5 m s −1 in 3.5 ns. To further visualize similarities and differences of streamers at different pressures, we plot the streamer length as a function of time and the maximum field on the axis of symmetry in figures 7(a) and (b), respectively, where the plotted values are obtained after proper scaling of the original simulation results, i.e. time and length are multiplied by N/N 0 and field by N 0 /N . These two figures clearly show that the streamer length and the maximum field vary in agreement with similarity relations for low pressure cases (p = 11 Torr and p = 0.05 Torr), while the characteristics of the streamer at p = 760 Torr significantly deviate from those expected from similarity relations. In particular, figure 7(a) demonstrates that the speed of the streamer at p = 760 Torr is greater than that at low pressures; figure 7(b) demonstrates that the maximum field of the streamer at p = 760 Torr is greater than that at low pressures, as we have discussed previously. It is also noted that both the speed and the maximum field of the streamer at p = 760 Torr sharply decrease right after the branching.
Results and discussion
In [4] , we have proposed a physical mechanism for the streamer branching indicating that streamers are easier to branch at ground level due to the reduction of preionization level ahead of the streamer due to quenching of the N 2 states emitting photoionizing radiation. The results presented in figure 4 are consistent with this branching mechanism. We have proposed a relationship defining the streamer radius (r s max ) preceding the branching, r s max κ/χ min p O2 , where κ is a dimensionless parameter, χ min is the absorption crosssection of O 2 at wavelength 102.5 nm and p O2 is the partial pressure of O 2 . It was suggested that the value of κ varies with pressure and that we generally expect lower values of κ and smaller splitting diameters of streamers at the ground level in comparison with sprite altitudes due to the quenching effects [4] . The results shown by figure 4 clearly verify this prediction.
We now discuss our modelling results in the context of recently published experimental work on the development of positive streamers at different pressures.
Results of the experimental investigation of positive streamer discharges in air for the pressure range from 760 to 300 Torr are reported in [17] . The streamers propagated in a gap with the same size d = 30 mm and were driven by the external electric field of the same magnitude E gap = 7 kV cm −1 for all studied pressures. The streamers initiated from a needle anode and propagated towards a plane cathode. The time-integrated photographs clearly show that streamers exhibit many branches several branches and a single channel at pressures of 740 Torr, 500 Torr and 380 Torr, respectively [17] . In terms of discussion of similarity properties of streamers presented earlier in this paper the experimental setup used in [17] corresponds to a factor of two increase in the reduced electric field E/N and a factor of two decrease in the effective gap size and radius of the anode (the effective gap size, for example, is defined as dN/N 0 ), when pressure is changed from 740 to 380 Torr. For accurate studies of the streamer similarity, however, it is desirable to keep the same reduced electric field and scale the gap and the point-electrode size as N 0 /N (in other words, to keep the effective gap size dN/N 0 constant). In this particular experiment, therefore, factors which contribute to the observed non-similar behaviour of streamers at different pressures include (1) different reduced field magnitudes, (2) different effective gap size and anode radius and (3) the pressure defined quenching effects discussed earlier in this paper. However, figure 3 in [17] demonstrates that the maximum diameter of the observed streamers does not scale as N 0 /N , suggesting that κ varies with pressure and exhibits lower values at higher pressures. This finding is consistent with the behaviour predicted in [4] based on the fact that branching diameters of streamers are expected to increase with reduction of pressure due to reduction in quenching losses of excited N 2 molecules responsible for photoionizing radiation, as illustrated in the first part of this paper. We emphasize, however, that different reduced electric fields, effective gap sizes and anode radii used in [17] do not allow direct quantitative verification of the quenching-based hypothesis advanced in [4] .
Experimental studies of propagation and branching of positive streamers in air in a pressure ranging from 1010 to 100 mbar have been recently reported in [18] . The experiments were conducted in a 17 mm gap consisting of a point anode and plane cathode, with adjustable anode voltage. The obtained time integrated (10 µs) pictures of streamers demonstrate that streamer discharges have more and thinner channels at high pressures than at low pressures. By imaging streamers developing under conditions of different applied voltages (U ) and pressures (p), the authors clearly established that streamer branching structures are not simply determined by U/p (or E/N). For the same values of U/p, streamers have more channels at high pressures than at low pressures. These findings are generally consistent with our modelling results presented in figure 4 and in [4] indicating that quenching effects facilitate easier branching of streamers at high pressures than at low pressures. We note, however, that following the same arguments as presented above with relation to experiments in [17] , the constant gap size and radius of point anode in experiments reported in [18] represent additional factors affecting observed non-similar behaviour of streamers at different pressures (additional comments on this issue will be provided below).
To further illustrate the above discussed points, we present our model results for two selected cases closely resembling the combination of parameters of experiments reported in [17] and [18] . We use exactly the same electrode geometry as was used to obtain results shown in figure 4(a) and keep the gap size (1.02 cm) and the spherical electrode radius (b = 1 mm) unchanged. Figures 8(a) and (b) show streamers developing in air at 380 Torr pressure in a simulation domain having the same size in the z direction as in figure 4(a) , while the size of the simulation domain in the radial direction is adjusted in figure 8 (a) to allow enough room for the free radial development of the streamer.
For the case shown in figure 8(a) we assume E 0 = 5 kV cm −1 and 0 = 9.5 kV. The reduced external field in this case is two times larger than that in figure 4(a) similarly to the conditions of experiments presented in [17] . Initially the peak field at the surface of the spherical electrode is about 8E k . This extremely large field produces intense ionization creating a bulk of plasma around the sphere, and the streamer is formed from this plasma cloud. It appears that the streamer just starts to propagate before it reaches the upper boundary of the simulation domain. The fast initial expansion of ionization in figure 3 (a) is consistent with the streamer structure reported for 380 Torr pressure in figure 2 of [17] . Figure 8(b) shows the development of a streamer in the same gap but assuming E 0 = 5N/N 0 kV cm −1 and 0 = 9.5N/N 0 kV. The conditions for this model case resemble those realized in experiments reported in [18] . The principal differences between streamers shown in figures 5 and 8(b) are explained by the different effective sizes of spherical electrodes. Although the physical size of the spherical electrode is b = 1 mm in both cases, the effective scaled radius bN/N 0 in figure 8(b) is smaller by a factor of two, and the effective spatial extent of the high field region in close proximity to the sphere available for formation of the streamer is reduced. As a result, the scaled radius of the formed streamer is much smaller than the one at the ground pressure ( figure 5(a) ). The propagation speed for this streamer is 4.5 × 10 5 m s −1 and this value is between the speeds of ground and low pressure streamers shown in figure 4. In accordance with the well-known Meek condition [6, p 336] (see also the recent discussion in [27] and references cited therein), the effective distance needed for the formation of a streamer is approximately scaled as ∼1/N with the gas density and therefore in order to preserve streamer similarity one also needs to scale the gap size and radius of the sphere as ∼1/N in addition to maintaining the same reduced E/N field conditions in the discharge gap [8, 16] . Following these arguments the reduction of the effective (i.e. bN/N 0 ) size of the point electrode with the reduction of pressure in experiments reported in [18] should lead to the eventual suppression of streamer formation even under conditions when U/p (or E/N) parameters are kept unchanged. Indeed, it was noted in [18] that the U = 20 kV, p = 1010 mbar case led to well developed and highly branched streamers, while streamers did not exist in the same discharge gap for a U = 4 kV, p = 200 mbar case (i.e. with essentially the same U/p ratio). We conclude this discussion by also noting that the non-similarity of the appearance of streamers at different pressures under conditions of the same U/p values reported in [18] generally receives contributions from both the quenching and the electrode effects discussed in this paper.
Conclusions
The principal results and contributions, which follow from studies presented in this paper, can be summarized as follows:
(i) We demonstrate that the quenching of singlet excited states of molecular nitrogen emitting photoionizing radiation is responsible for the non-similar behaviour of short streamers in air originating from a spherical electrode (with 1/N scaling of its radius) under the influence of the same reduced external electric fields at pressures higher than approximately 30 Torr. Although three-body attachment and recombination processes might contribute to the non-similar behaviour of streamers at different pressures, we can exclude contributions of these factors due to the relatively short timescales considered in the present study. (ii) We compare our modelling results with recent experimental work on the development of positive streamers at different pressures [17, 18] . The comparison indicates that our modelling results and their interpretation based on nonsimilarity of the photoionization process at high pressures in air are consistent with observations, which demonstrate that streamers have more and thinner channels and branch more frequently at higher (i.e. near atmospheric) pressures than at lower pressures. We emphasize, however, that different reduced electric fields and effective (i.e. scaled as 1/N) gap sizes and anode radii used in [17, 18] do not allow a simple separation of different physical factors affecting non-similar behaviour of streamers observed in experiments.
